For non-flat universe of k = 0, we investigate a model of the interacting holographic dark energy with cold dark matter (CDM). There exists a mixture of two components arisen from decaying of the holographic dark energy into CDM. In this case we use the effective equations of state (ω eff Λ , ω eff m ) instead of the native equations of state (ω Λ , ω m ). Consequently, we show that interacting holographic energy models in non-flat universe cannot accommodate a transition from the dark energy to the phantom
Introduction
Recent observations from Supernova (SN Ia) [1] and large scale structure [2] imply that our universe is accelerating. Also cosmic microwave background observations [3, 4] provide an evidence for the present acceleration. A combined analysis of cosmological observations shows that the present universe consists of 70% dark energy and 30% dust matter including CDM and baryons.
Although there exist a number of dark energy models, a promising candidate is the cosmological constant. However, one has the two famous cosmological constant problems: the fine-tuning and coincidence problems. In order to solve these problems, we need a dynamical cosmological constant model derived by the holographic principle. The authors in [5] showed that in quantum field theory, the UV cutoff Λ could be related to the IR cutoff L Λ due to the limit set by introducing a black hole (the effects of gravity). In other words, if ρ Λ = Λ 4 is the vacuum energy density caused by the UV cutoff, the total energy of system with the size L Λ should not exceed the mass of the black hole with the same size L Λ :
If the largest cutoff L Λ is chosen to be the one saturating this inequality, the holographic energy density is given by ρ Λ = 3c 2 M 2 p /8πL 2 Λ with a constant c ≥ 1. The lower limit of c is protected by the entropy bound. Here we regard ρ Λ as a dynamical cosmological constant. Taking L Λ as the size of the present universe, the resulting energy is close to the present dark energy [6] . However, this approach with L Λ = 1/H is not complete because it fails to recover the equation of state (EoS) for the dark energy-dominated universe [7] . Further studies in [8, 9, 10, 11] have shown that choosing the future event horizon as the IR cutoff leads to an accelerating universe with
. On the other hand, the interacting dark energy models provided a new direction to understand the dark energy [12, 13, 14] . The authors in [15] introduced an interacting holographic dark energy model where an interaction exists between holographic energy and CDM. They derived the phantom-phase of ω Λ < −1 using the native EoS ω Λ . However, it turned out that the interacting holographic dark energy model could not describe a phantom regime of ω eff Λ < −1 when using the effective equation of state ω eff Λ [16] . A key of this system is an interaction between two matters. Their contents are changing due to energy transfer from holographic energy to CDM until the two components are comparable. If there exists a source/sink in the right-hand side of the continuity equation, we must be careful to define its EoS. In this case the effective EoS is the only candidate to represent the state of the mixture of two components arisen from decaying of the holographic energy into CDM. This is different from the non-interacting case which is described by the native EoS. More recently, it was shown that for non-flat universe of k = 0 [17, 18] , the interacting holographic dark energy model could not describe a phantom regime of ω eff Λ < −1 [19] .
In this work, we wish to address this issue again because the previous works contain a few of ambiguous points. We solve two coupled differential equations for density parameters Ω Λ and Ω k numerically. Furthermore, we introduce a general form of interaction Q to find the CDM-dominated universe with ω eff m = 0 at the far past. We confirm that the phantom-phase is not found from interacting holographic dark energy models.
2 Interacting model in non-flat universe Let us imagine a universe made of CDM ρ m with ω m = 0, but obeying the holographic principle. In addition, we propose that the holographic energy density ρ Λ exists with ω Λ ≥ −1. If one assumes a form of the interaction Q = Γρ Λ , their continuity equations take the formsρ
This shows that the mutual interaction could provide a mechanism to the particle production. Actually, this is a decaying of the holographic energy component into CDM with the decay rate Γ. Taking a ratio of two energy densities as r m = ρ m /ρ Λ , the above equations lead toṙ
which means that the evolution of the ratio depends on the explicit form of interaction. (1) and (2) are translated into those of the two dissipatively imperfect fluidṡ
The positivity of Π Λ > 0 shows a decaying of holographic energy density via the cosmic frictional force, while Π m < 0 induces a production of the mixture via the cosmic antifrictional force simultaneously [20, 21] . This is a sort of the vacuum decay process to generate a particle production within the two-fluid model [22] . As a result, a mixture of two components will be created. From Eqs. (4) and (5), turning on the interaction term, we define their effective equations of state as
In this work, we choose the general decay rate of Γ = 3b 2 (1 + r m ) n H with the coupling constant b 2 and n ≤ 1 [23] . For n > 1, ω eff Λ diverges for small Ω Λ , while for n < 1, one finds ω eff m = 0 for Ω Λ = 0 which is better in agreement with the data. On the other hand, the first Friedmann equation for k = 0 is given by
Differentiating Eq. (7) with respect to the cosmic time t and then using Eqs. (1) and (2), one finds the second Friedmann equation aṡ
which is useful to study the evolution when choosing L Λ = 1/H. Let us introduce density parameters
which allow to rewrite the first Friedmann equation as
Then we can express r m and r k = ρ k /ρ Λ in terms of Ω Λ and Ω k as
3 Non-flat universe with the future event horizon
In the case of ρ Λ with Hubble horizon (L Λ = 1/H), we always have a fixed ratio r m of two energy densities. This provides the same negative EoS for both two components [11, 21] .
For a null geodesic, we introduce the future event horizon
Here the comoving horizon size is given by
where leads to χ k=1 FH (t) = sin −1 r(t), χ k=0 FH (t) = r(t), and χ k=−1 FH (t) = sinh −1 r(t). For our purpose, we obtain the comoving radial coordinate r(t),
The definition of L Λ = ar(t) 1 is useful for non-flat universe [17] , which leads tȯ
where cosny = cos y for k = 1, y for k = 0, and cosh y for k = −1 with y = |k|R FH /a.
Using Eq. (14) together with L Λ = ar(t), we rewrite it as cosny = 1 − c 2 Ω k Ω Λ in terms of Ω k and Ω Λ [27] .
Using the definition of ρ Λ and (15), one finds the equation of statė
From Eqs.(4), (6) and (16), we find the effective equation of state
On the other hand, the effective equation of state for CDM is given differently by
Now we are in a position to derive two coupled equations whose solutions determine the effective equations of state. Eq.(3) leads to one differential equation for Ω Λ
is the proper distance, while L Λ = ar(t) is the radius of the event horizon measured on the surface of the horizon to define the proper surface area [25, 26] . In this work, we choose L Λ = ar(t) to define the IR cutoff for non-flat universe. 
At this point, we compare our equations of (8), (19) and (20) with those in [18] . Using (5), (6), and (8) in [18] , respectively. Hence our model is the same as in [18] . In the case of Ω k = 0, equation (16) leads to the well-known form in [23] . From Eqs. 
Discussions
The noninteracting picture with L Λ = R FH has the natural tendency such that a ratio r m of two densities ρ m and ρ Λ decreases as the universe evolves [8] . In this case the energy-momentum conservation is required for each matter separately. Also the natural tendency holds even for the case including an interaction between the holographic dark energy and CDM [15] . They used the native EoS ω Λ to show that ρ Λ can describe the phantom regime. However, we have to use the effective EoS ω eff Λ in the presence of the interaction. As are shown in Figs. 1, 2, and 3 , two effective equations of state start differently. However, two effective equations of state will take the same negative value which is greater than −1 in the far future. Also this value could be estimated from the future fixed point.
The vacuum decay picture is still alive even for a dynamical evolution in the interacting holographic dark energy model. This implies that one cannot generate a phantom-like mixture of ω eff Λ < −1 from an interaction between the holographic dark energy and CDM. In other words, decaying from the holographic dark energy into the CDM never leads to the phantom regime. Figs 1 + r m H leads to the CDM-dominated universe with ω eff m = 0 at the far past. We note that the effect of non-flat universe is trivial because Ω k goes to zero for the far past and far future. This means that the non-flat universe of k = 0 could not induce the phantom phase even one includes an interaction between the holographic dark energy and CDM.
We comment on the fine-tuning and coincidence problems. The holographic energy density ρ Λ could resolve the fine-tuning problem because taking L Λ = l p = 1/M p leads to the cosmological vacuum energy ρ
p . This means that a small system at planck scale provides an upper limit of ρ Λ ≤ ρ p Λ , as is naively expected in quantum field theory. On the other hand, as the universe evolves, a larger system will have a smaller energy density. This is a consequence of the holography. Thus the holographic principle may reconcile the quantum field theory at planck scale with the smallness of the present cosmological vacuum energy density ρ Hence it suggests that there is a parameter space which may describe a phantom-regime of ω eff Λ < −1. However, it is easily proved that this is not the case. Requiring the second-law of thermodynamics ofṠ BH = 2πR FHṘFH ≥ 0 leads to the condition of c ≥ √ Ω Λ cosny. On the other hand, the condition for ω Actually the interaction (b 2 and n) between holographic dark energy and CDM dose not induce a phantom-like matter. Finally, we mention the recent observations. A lot of data support on the flat universe. Also it would be important to stress on the motivation of considering the non-flat universe with the small Ω k from CMB experiments [3, 4] and supernova measurements [1] . Our results show that the effect of the non-flat universe becomes trivial because Ω k goes to zero for the far past and the far future, even the non-flat universe contributes small at present. Hence, if the interacting holographic dark energy model is reliable, we anticipate that the curvature term Ω k does not play an important role for determining the future dark energy-dominated universe.
Consequently, it turned out that the interacting holographic energy density could not describe the phantom regime 3 .
